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Electro- and diffusio-phoresis of particles correspond respectively to the transport
of particles under electric field and solute concentration gradients. Such interfacial
transport phenomena take their origin in a diffuse layer close to the particle surface,
and the motion of the particle is force free. In the case of electrophoresis, it is
further expected that the stress acting on the moving particle vanishes locally
as a consequence of local electroneutrality. But the argument does not apply to
diffusiophoresis, which takes its origin in solute concentration gradients. In this paper
we investigate further the local and global force balance on a particle undergoing
diffusiophoresis. We calculate the local tension applied on the particle surface and
show that, counter-intuitively, the local force on the particle does not vanish for
diffusiophoresis, in spite of the global force being zero, as expected. Incidentally, our
description allows us to clarify the osmotic balance in diffusiophoresis, which has
been a source of debate in recent years. We explore various cases, including hard
and soft interactions, as well as porous particles, and provide analytic predictions for
the local force balance in these various systems. The existence of local stresses may
induce deformation of soft particles undergoing diffusiophoresis, hence suggesting
applications in terms of particle separation based on capillary diffusiophoresis.

Key words: microfluidics, porous media

1. Introduction

Phoresis corresponds to the motion of a particle induced by an external field,
say O: typically an electric potential for electrophoresis, a solute concentration
gradient for diffusiophoresis or a temperature gradient for thermophoresis (Anderson
1989; Marbach & Bocquet 2019). The particle velocity is accordingly proportional to
the gradient of the applied field, written in the general form

vp=pp X (=VOy), (1.1)

with ® the applied field infinitely far from the particle. Phoretic motion has several
key characteristics. First, the motion takes its origin within the interfacial diffuse layer
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FIGURE 1. From diffusio-osmosis to diffusiophoresis: (@) schematic showing diffusio-
osmotic flow generation. A surface (grey) is in contact with a gradient of solute (red
particles). Here, the particles absorb on the surface creating a pressure in the fluid
(represented by yellow arrows). This pressure build-up is stronger where the concentration
is highest, and induces a hydrodynamic flow vpo from the high concentration side to the
low concentration side. (b) If this phenomenon occurs at the surface of a particle, the
diffusio-osmotic flow will induce motion of the particle at a certain speed vpp in the
opposite direction. This is called diffusiophoresis.

close to the particle: typically the electric double layer for charged particles, but any
other surface interaction characterized by a diffuse interface of finite thickness. Within
this layer the fluid is displaced relative to the particle due, for example, to electro-
osmotic or diffusio-osmotic transport; see figure 1 for an illustration (Derjaguin 1987;
Anderson 1989). Second, motion of the particle is force free, i.e. the global force on
the particle is zero, the particle moves at a steady velocity. This can be understood in
simple terms, for example, for electrophoresis: the cloud of counter-ions around the
particle experiences a force due to the electric field which is opposite to that applied
directly to the particle, so that the total force acting on the system of the particle and
its ionic diffuse layer experiences a vanishing total force. Both electro- and diffusio-
phoresis and correspondingly electro- and diffusio-osmosis can all be interpreted as a
single osmotic phenomenon, since the two are related via a unique driving field, the
electro-chemical potential (Marbach & Bocquet 2019).

Interestingly, these phenomena have gained renewed interest over the last two
decades, in particular thanks to the development of microfluidic technologies,
which allow for an exquisite control of the physical conditions of the experiments,
electric fields or concentration gradients. However, in contrast to electrophoresis,
diffusiophoresis has been much less investigated since the pioneering work of
Anderson and Prieve. Its amazing consequences in a broad variety of fields have only
started to emerge, see Marbach & Bocquet (2019) for a review and Abécassis et al.
(2008), Palacci et al. (2010, 2012), Velegol et al. (2016), Mboller et al. (2017) and
Shin, Warren & Stone (2018) for a few examples of applications. The diffusiophoretic
velocity of a particle under a (dilute) solute gradient writes

vpp = pp X (—kpTVcy), (1.2)

where ppp is the diffusiophoretic mobility, Ve, is the solute gradient far from the
sphere, kp is Boltzmann’s constant and T is temperature. For example, for a solute
interacting with a spherical particle via a potential {/(z), where z is the distance to
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the particle surface, the diffusiophoretic mobility writes (Anderson & Prieve 1991)

__ UQY _
:uDP—_n/O z(exp( ioT ) 1) dz. (1.3)

In this work, we raise the question of the local and global force balance in phoretic
phenomena, focusing in particular on diffusiophoresis. Indeed, while such interfacially
driven motions are force free, i.e. the global force on the particle is zero, the local
force balance is by no means obvious. For electrophoresis, it was discussed by Long,
Viovy & Ajdari (1996) that local electroneutrality ensures that the force acting on
the particle also vanishes locally in the case of a thin diffuse layer. Indeed, the force
acting on the particle is the sum of the electric force dg x E,., with dq the charge
on an elementary surface and E,. the local electric field, and the hydrodynamic
surface stress due to the electro-osmotic flow. To ensure mechanical balance within
the electric double layer, this hydrodynamic stress has to be equal to the electric force
on the double layer, which is exactly —dqE,,. since the electric double layer catries
an opposite charge to the surface. Therefore, the local force on the particle surface
vanishes. The absence of local force has some important consequences, among which
we have the fact that particles such as polyelectrolytes undergoing electrophoresis do
not deform under the action of the electric field (Long et al. 1996).

Such arguments do not obviously extend to diffusiophoresis. The main physical
reason is that diffusiophoresis involves the balance of viscous shearing with an
osmotic pressure gradient acting in the diffuse layer along the particle surface
(Marbach & Bocquet 2019). While such a balance is simple and appealing, it led
to various mis-interpretations and debates concerning osmotically driven transport of
particles (Cérdova-Figueroa & Brady 2008, 2009a,b; Fischer & Dhar 2009; Jiilicher
& Prost 2009; Brady 2011), also in the context of phoretic self-propulsion (Moran &
Posner 2017). A naive interpretation of diffusiophoresis is that the particle velocity
vpp results from the balance of Stokes’ viscous force F, = 6mtnRvpp and the osmotic
force resulting from the osmotic pressure gradient integrated over the particle surface.
The latter scales hypothetically as F,,, ~ R*> x RVII, with IT = kzTc,, the osmotic
pressure. Balancing the two forces, one predicts a phoretic velocity behaving as
vpp ~ R*(kgT/n)Vco. Looking at the expression for the diffusiophoretic mobility in
the thin layer limit, equations (1.2) and (1.3), the latter argument does not match the
previous estimate by a factor of order (R/1)%, where A is the range of the potential of
interaction between the solute and the particle. The reason why such a global force
balance argument fails is that flows and interactions in interfacial transport occur
typically over the thickness of the diffuse layer, in contradiction to the naive estimate
above.

A second aspect which results from the previous argument is that the interplay
between hydrodynamic stress and the osmotic pressure gradient for diffusiophoresis
may lead to a non-vanishing local surface force. Indeed, in the absence of an electric
force, only viscous shearing acts tangentially on the particle itself, while particle—
solute neutral interactions mostly act in the orthogonal direction. A force tension may
therefore be generated locally at the surface of the particle. This is in contrast to
electrophoresis.

The question of global and local force balance in diffusiophoretic transport is
therefore subtle and there is a need to clarify the mechanisms at stake. In the
derivations below we first relax the hypothesis of a thin diffuse layer, and consider
more explicitly the transport inside the diffuse layer, as was explored by various
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authors, using, for example, controlled asymptotic expansions (Sabass & Seifert
2012; Cordova-Figueroa, Brady & Shklyaev 2013; Sharifi-Mood, Koplik & Maldarelli
2013). Then, on the basis of this general formulation, we are able to write properly
the global and local force balance for diffusiophoresis. Our results confirm the
existence of a non-vanishing surface stress in diffusiophoresis, in spite of the global
force being zero. To illustrate the underlying mechanisms, we consider a number
of cases: diffusiophoresis under a gradient of neutral solutes, diffusiophoresis of a
charged particle in an electrolyte bath and diffusiophoresis of a porous particle. We
also consider the situation of electrophoresis as a benchmark where the surface force
on the particle is expected to vanish. We summarize our results in the next section
and report the detailed calculations in the sections hereafter.

2. Geometry of the problem and main results: surface forces on a phoretic
particle

2.1. Diffusiophoretic velocity

We consider a sphere of radius R in a solution containing one or multiple solutes,
charged or not. The surface of the sphere interacts with the species over a typical
length scale A, via, for example, electric interactions, steric repulsion or any other
interaction. In the case of diffusiophoresis, a gradient of solute, V¢, is established at
infinity along the direction z — see figure 2 for a schematic in the diffusiophoretic case.
The sphere moves accordingly at constant velocity vppe, and we place ourselves in the
sphere’s frame of reference. We consider that the interaction between the solute and
the particle occurs via a potential I/, so that Stokes’ equation for the fluid surrounding
the sphere writes

nV*v — Vp + c(r)(—VU) =0. (2.1

The latter term of the Stokes equation (2.1) corresponds to the action of the particle
on the fluid (the fluid is constituted of the solvent and the solute). Formulation of
osmotic related effects with this kinetic approach can be found in Debye (1923),
Manning (1968), Anderson, Lowell & Prieve (1982), Marbach, Yoshida & Bocquet
(2017) and Marbach & Bocquet (2019). The boundary conditions on the particle’s
surface are the no-slip boundary condition (note that the no-slip boundary condition
may be relaxed to account for partial slip at the surface, in line with Ajdari &
Bocquet (2006)), complemented by the prescribed velocity at infinity (in the frame
of reference of the particle)

v(r=R)=0 and v(r— 00) = —vpp. (2.2a,b)

The solute concentration profile obeys a Smoluchowski equation in the presence of
the external potential I/, in the form

D,
0=-V.|-D,Vc+ —c(—VU)|, 2.3)
ksT

where D; is the diffusion coefficient of the solute, with the boundary condition at
infinity accounting for a constant solute gradient c(r — 00) >~ ¢y + r cos OVcy; o
is a reference concentration and 6 the angle between the z axis along which the
particle moves and the radial axis — see figure 2. Note that we have neglected
convective transport here, assuming a low Péclet regime. The Péclet number here
may be defined as Pe = vppR/D; (see, e.g. Prieve et al. (1984)) where R is the
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FIGURE 2. Schematic of the coordinate system for the diffusiophoretic sphere. The
sphere interacts with the solute via a potential Z/(r) over a range A not necessarily small
compared to the radius of the sphere R.

relevant length scale at which convection takes place. Using the typical expression
for the diffusiophoretic velocity we have vpp = (kT /n)AI"'Vcs, Where A is the
range of the interaction and I" is a length that measures the excess (or default) of
solute near the interface. Using further Einstein’s formula D, ~ kg7 /67tnR,; (where
R, is the hydrodynamic radius of the solute) the condition for small Péclet number
then amounts to 67(I"/R)(A/R)(coR*)(RV coo/co)(Ry/R) < 1. For reasonably sized
colloids R ~ 100 nm and with typical conditions ¢y ~ 10 mM, R; ~ 0.1 nm we
find (I'/R)(A/R)(RVcw/co) < 1072, The length scale of the concentration gradient
co/Ves 1s always larger than the size of the colloid, such that to work at low Péclet
numbers we only need (I"/R)(4/R) to be rather small. This means that either the
interaction strength is small (weak absorption, or weak potential) or the interaction
layer is small 1 < R. As we do not wish to constrain the problem to either case,
we simply assume Pe << 1 and do not make any detailed assumption on A or the
strength of the potential. Finally, the Smoluchowski equation is self-consistent and
provides a solution for the solute concentration field (in full generality we may write
the axisymmetric solution as c(r, 8) = co + co(r) cos 8), which therefore acts as an
independent source term for the fluid equation of motion in (2.1). We further stress
that taking into account convective transport does not affect the results at lowest
order (O’Brien & White 1978; Prieve et al. 1984; Prieve & Roman 1987; Ajdari &
Bocquet 2006) and therefore the qualitative conclusions that we will draw on force
balance here are not affected by this assumption.

In this paper we report analytic results in various cases as represented in figure 3.
First (see figure 3a), we show that, for any radially symmetric potential I/(r), one may
compute an exact solution of (2.1) for the velocity profile and the local force. Second,
going to more general electro-chemical drivings, like electrophoresis (see figure 3b) or
diffusiophoresis of a charged sphere in an electrolyte solution (see figure 3c¢), it is also
possible to compute exact solutions, assuming a weak driving force with respect to
equilibrium. Finally, we come back to simple diffusiophoresis of a porous sphere with
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FIGURE 3. Geometries considered in this paper. (@) Diffusiophoresis under neutral solute
gradients: a spherical particle moving in a (uncharged) solute gradient. (b) Electrophoresis:
a spherical particle with surface charge X moving in an electric field in a uniform
electrolyte. (¢) Diffusiophoresis under ionic concentration gradients: a spherical particle
with surface charge X' moving in an electrolyte gradient. (d) Diffusiophoresis of a porous
particle: a porous spherical particle moving in an uncharged solute gradient.

a radially symmetric potential U (r) (see figure 3d) and give similar analytic results.
The porosity of the sphere is accounted for by allowing flow inside the sphere with
a given permeability.

2.2. Phoretic velocity

We summarize briefly the analytic results for the phoretic velocity in the various cases
considered. Results are reported in table 1.

Diffusiophoresis under gradients of a neutral solute. For any radially symmetric
potential U/ (r), one may compute an exact solution of (2.1) for the velocity profile by
extending textbook techniques for the Stokes problem in Happel & Brenner (2012)
(see also Ohshima, Healy & White (1983) for a related calculation in the context of
electrophoresis). It can be demonstrated that the solution for v(r) involves a Stokeslet
as a leading term, which allows us to calculate the force along the axis of the
gradient as the prefactor of the Stokeslet term (v ~ F/r). This allows us to deduce
the global force on the particle as

F = 67tRnupp — 2R? / co(r)(—=o,U)(r) x p(r)dr, 2.4)
R

with ¢(r) =r/R — R/3r — %(r/R)2 a dimensionless function, the factor % originating

from the angular average, and the function ¢y(r) is such that the concentration
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Diffusiophoresis of colloids Upp = — u(_aru )e(rydr
3n Jr cos 6

neutral solutes

ith soft interaction potential L/(r) ith oy =L — K _2°
with soft interaction potentia r wi N=——-———
P PO=R 3 3R
. . . . kBT i —BU®Z)
with the thin layer approximation” Vpp1 = VCoo— (e M@ —1)zdz
n Jo
. . R [ -
Generalized formulation vp=— Z 9,00 X fi | (r)dr
377 R species i
k perturbation t ilibri §4 ith ¢(r) = — R_2
weak perturbation to equilibrium see wi N=——-——-—
P q =R T3 T 3R
R [ c(r,0)—
Diffusiophoresis of porous colloid Uppp = 5— / m(—arl/l)cb(r)dr
3n Jo cos 6
neutral solutes
with soft interaction potential U/ (r) with @ (r) defined in (5.18)

TABLE 1. Main results for the phoretic velocity of plain and porous colloidal particles.
Here, 8 =1/kpT, [i; is field which is the perturbation to the chemical potential of species i
under the applied field, i.e. ft; x Vi the applied electro-chemical gradient at infinity; po ;
is the concentration profile of species i in equilibrium.

“Note that this result is similar to the diffusio-osmotic velocity over a plane surface
reported in Anderson & Prieve (1991).

profile writes c(r, 0) = co + co(r) cos 6. Equation (2.4) decomposes as the sum of the
classic Stokes friction force on the sphere and a balancing force of osmotic origin,
taking its root in the interaction U/ of the solute with the particle. The steady-state
diffusiophoretic velocity results from the force-free condition, F = 0, and therefore
writes

2mR?

Upp = ——
br 6TnR

/ co (N (=) (1) x p(r) dr. 25)
R

Remembering that co(r) o« RVc., this equation generalizes (1.2) obtained in the
thin layer limit. Note that (2.5) is very similar to (2.7) in Brady (2011), with the
r-dependent term 27mR? x ¢(r) replaced in Brady (2011) by the prefactor L(R).
However, the integrated ‘osmotic push’ is weighted here by the local factor ¢(r) (in
contrast to Brady (2011)) and this detail actually changes the whole scaling for the
mobility.

Generalized formula for phoresis under electro-chemical gradients. It is possible to
generalize the previous results to charged species under an electro-chemical potential
gradient. The general expression for the diffusiophoretic velocity is written in terms of
the electro-chemical potential u; (where i stands for each solute species i). One may
separate the electro-chemical potential as wu; = g ; + [t;, where p; is the equilibrium
chemical potential and [; the perturbation due to an external field, so that fi; X V iy,
the applied electro-chemical potential gradient at infinity. The derivation assumes a
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weak perturbation, fi; < ;. This leads to an expression of the generalized expression
for the diffusiophoretic velocity in a compact form

R o0
Up ( Z 9,00,i X ﬂi) @(r)dr, (2.6)

3
nmJr species i

where py; is the concentration profile at equilibrium. Details of the calculations are
reported in § 4.

Diffusiophoresis of a porous sphere. It is possible to extend the derivation to the case
of a porous colloid. This may be considered as a coarse-grained model for a polymer.
We assume in this case that the solute is neutral and interacts with the sphere via
a radially symmetric potential (/. In that case the Stokes equation (2.1) is extended
inside the porous sphere with the addition of a Darcy term

1V — Ly — Vp 4 cr)(=VU) =0, 2.7)
K

where k, expressed in units of a length squared, is the permeability of the sphere.
The expression for the diffusiophoretic velocity can be calculated explicitly, with an
expression formally similar to the diffusiophoretic velocity,

. / O =0 s iyo ) dr, 2.8)
3n Jo cos 6

where the details of the porous nature of the colloid are accounted for in the weight

®@(r), as reported in (5.18). The latter is a complex function of kR, where k., =1//k

is the inverse screening length associated with the permeability of the colloid, with

radius R. Details of the calculations are reported in § 5.

2.3. Local force balance on the surface

Beyond the diffusiophoretic velocity, the theoretical framework also allows us to
compute the global and local forces on the particle. Writing the local force balance
at the particle surface, we find in general that the particle withstands a local force
that does not vanish for diffusiophoresis. The local force df on an element of surface
dS of a phoretic particle can be written generally as

df = (—po + 2w, cos 0) dSe, + (37, sin ) dSes, 29)

where the local force is fully characterized by a force per unit area — or pressure — ;.
In this expression py is the bulk hydrostatic pressure and e, and ey are the unit vectors
in the spherical coordinate system centred on the sphere. We report the value of 7, in
the table below for the various cases considered, see table 2. While the surface force is
found to be non-vanishing for all diffusiophoretic transport, our calculations show that
1, =0 for electrophoretic driving: a local force balance is predicted for electrophoresis
in agreement with the argument of in Long et al. (1996) (see the details in §4).

Let us report more specifically the results for the local force in the different cases.

Local force for diffusiophoresis with neutral solutes. For solutes interacting with the
colloid via a soft interaction potential {/(r), one finds that the surface force takes the
form

T, = /oo co(N (=) (Y (r)dr, (2.10)
R
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+00 0) —
Diffusiophoresis of colloids T, = / L)e’c()ar(—l/{)t/f(r)dr
R cos
neutral solutes
2
with soft interaction potential U/ (r) with ¥ (r)=— — %
,
with the thin layer approximation T, = %LJ{BTVCOO

o0
with L, =/ (e P19 — 1) dz
0

Generalized formulation T, = / Z 0rpo; X fi; | Y(r)dr
R species i
2
weak perturbation to equilibrium see §4 with ¥ (r)=— — =
’
electrophoretic case n,=0
o - . 9 Du?
diffusiophoretic case T, = 2 kgTApV coo
charged colloid with surface charge X
(thin Debye layer limit) Du= X /edpcy
+00
,0) —
Diffusiophoresis of a porous colloid T, = / L)Qcoar(—L{)lll(r)dr
R cos
solutes
with soft interaction potential /(r) with ¥ (r) defined in (5.24)

TABLE 2. Main results for the local surface force on plain and porous colloidal particles
undergoing phoretic transport. Here, 8 = 1/kzT, [i; is the perturbation to the chemical
potential of species i and pg; its concentration profile in equilibrium. Note that Ap is the
Debye length (15° = e?cy/€ksT) and Du= X /eldpcy is a Dukhin number.

where ¥ (r) =R/r — r*/R? is a geometrical factor. As we demonstrate in the following
sections, in the case of a thin double layer, the local force reduces to a simple and
transparent expression

7, > SkpTLV coe, (2.11)

where L, = [ (e7#4© — 1) dz has the dimension of a length and quantifies the excess
adsorption on the interface, and 8 =1/kpT.

Local force for phoresis under small electro-chemical gradients. As for the velocity,
it is possible to generalize the previous results to the case of a general, small, electro-
chemical driving. In the case of a thin diffuse layer, the result for m takes the generic

form
n= ( S /L) V. @12)
R

species i

with ¥ (r) = R/r — r*/R*> and we recall that ji; &< V. the gradient of the
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electro-chemical potential far from the colloid. This result applies to both diffusio-
and electro-phoresis. As reported in table 2, the local force is non-vanishing for
diffusiophoresis but for electrophoresis one predicts m, =0.

Local force for diffusiophoresis of a porous particle. Finally, for a porous colloid
undergoing diffusiophoresis, the local force is a function of the permeability and the
diffusion coefficient of the solute inside and outside the colloid, say D; and D,. The
general formula writes as

+0o0 _
nf:/ O =y 1w dr, (2.13)
R cos

where the expression for the function ¥ (r) is given in (5.24). This is a quite
cumbersome expression in general, but in the thin diffuse layer limit, and with small
permeability « of the colloid, the local force takes a simple form

D, 2
k>0 =mk=0)x —=2 (1=, 2.14
e = 0) =,k )Xm+mﬂ< km) 2.14)

where m,(k =0) = %LSkBTVcoo; k. =1/4/k is the inverse screening length associated
with the Darcy flow inside the porous colloid, and R is the particle radius.

In the next sections we detail the calculations leading to the results in tables 1
and 2.

3. Diffusiophoresis of a colloid under a gradient of neutral solute

We focus first on diffusiophoresis of an impermeable particle, see figure 3(a), under
a concentration gradient of neutral solute. The solute interacts with the particle via
a soft interaction potential ¢/ (r) which only depends on the radial coordinate r (with
the origin at the sphere centre). In order to simplify the calculations, we will consider
that the interaction potential is non-zero only over a finite range, from the surface of
the sphere r = R to some boundary layer » = R 4 A: the range A is finite but not
necessarily small as compared to R, see figure 2. One may take 4 — oo at the end
of the calculation.

In the far field, the solute concentration obeys Vc|,.., = Vcye,. The geometry
is axisymmetric, and thus in spherical coordinates one may write c(r — oo, 6) =
co + Vcesor cos . Considering the boundary conditions for the concentration and the
symmetry of the potential U/, one expects that the concentration distribution in the
radial coordinate r and the polar angle 6 can be written as c(r, 8) = ¢y + RVcy X
f(r) cos 8, where f(r) is a radial and dimensionless function, which remains to be
calculated.

Note that in the following we neglect convection of the solute within the interfacial
region, which may modify the steady-state concentration field of the solute around the
particle. However, such an assumption is generally valid because the Péclet number
built on the diffuse layer is expected to be small. Our results could, however, be
extended to include this effect on the mobility as a function of a (properly defined)
Péclet number, as introduced in Anderson & Prieve (1991), Ajdari & Bocquet (2006),
Sabass & Seifert (2012) and Michelin & Lauga (2014). Similarly, the effect of
hydrodynamic fluid slippage at the particle surface may be taken into account, in line
with the description in Ajdari & Bocquet (2006).
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3.1. Flow profile

3.1.1. Constitutive equations for the flow profile

The flow profile around the sphere is incompressible div(v) =0 and obeys Stokes’
equation, equation (2.1). The projection of the Stokes equation along the unit vectors
e, and ey gives

2v, 6 20
) (Av,— v, Uy o8 _v‘))zarp_c(r, 6)3,(—).

r? r2sinf®  r? 96
A Vg n 2 dv, 18
Vg — ———— + — = —Jyp.
7 T 2sin?0 | 12 96 r op

The boundary conditions for the flow are (i) the prescribed diffusiophoretic flow far
from the sphere, and (ii) impermeability and no-slip condition on the particle surface

3.1)

v.(r—> 00,0)=—vppcos and vy(r— 00,60)=1vppsinb, (3.2)
v,(r=R,0)=0 and vs(r=R,0)=0. ’
3.1.2. Solution for the flow profile
We define a potential field i such that
1
v, = — 0 and vg=———0,Y (3.3a,b)
r2sinf rsin 6

so that the incompressibility condition div(v) = 0 is accordingly verified. We can
rewrite the Stokes equations using the operator E* = 92/9r* + (sin®/r?)(9/36)
((1/ sin 0)(3/36)) as

LB = dp — c(r, 0)d,(<U),

r?sin 6 (3.4)
LS = ~dup.
rsin 6 r

Adding up derivatives of the above formula allows us to cancel the pressure contri-
bution and obtain the simple equation for the potential field

ac(r, 6)
a0

nE*Y = —sinf 9, (=U). (3.5)

Using the general expression for c(r, 8) = ¢y + co(r) cos & where we may rewrite
co(r) = RV f(r), one obtains

nE*y = sin* RV ¢ f(r)d,(—U). (3.6)

We may therefore look for ¥ as ¥ = F(r)sin’ @ and we note that E>y =EF(r) sin® 0,
where E? =09%/0r*> —2/r* so that

VceooR
" f(r)o,.(=U). 3.7)

E*‘F(r) =
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We introduce f(r) = (VesoR/0)f (r)0,(—=U). Like the potential L(r), f(r) is a compact
function that is non-zero only over the interval [R; R 4+ A]. The general solution of
this equation is

rr 4 r 2
F(r) = A+Br+r2C+Dr4_1/f(x)x dx+r/ f(x6)x J

/ f(X)xd 4 fo ) (3.8)

R 30x

where A, B, C and D are integration constants to be determined by the boundary
conditions. Note that the integrals do not diverge since f is defined on a compact
interval. The condition that the flow has to be finite far from the sphere r — oo yields
immediately

R+ 7 R+A T
D:—/ IO 4¢ and C:/ FOx 4 Yor (3.9a.b)
R 30)( R 6 2

Impermeability and no-slip boundary conditions are equivalent to F(R) = F'(R) = 0.
This gives the values of A and B and the flow is now fully specified as

F(r) = +B Su +/f()(2 x4>d+/rf()<r4 2x>d
n="4Br—"_ X) | ——z— ) dx X) | =——r—|dx
b 30 R 30x 6

Rx PR
with A= ——va —I—/ f(x) < — x) dx

R3 Rx
and B_va+/ f()<—4> dx.

This provides an explicit expression for the flow profile as

. ( B(r) 2A(r) )
v,=sinf | 2—— + + 2C(r) + 2D(r)r ,
r

vy =cos 6 ( B() A( ) C —4b(r)r> .

(3.10)

(3.11)

Analytical expressions can be obtained for all coefficients but we report here only the
expression for B:

B(r)=B+ / 1 F(0)x% dx. (3.12)
R 6

This is the coefficient in front of the Stokeslet term, scaling as 1/r, hence directly
related to the force acting on the particle. As we discuss below, the diffusiophoretic
velocity is deduced from the force-free condition, which amounts to writing B(r —
00) =
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3.2. Forces on the sphere

3.2.1. Pressure field and hydrodynamic force
The pressure field p can be computed from its full derivative

dp=0,pdr+ 9ypdo. (3.13)
Using (3.4) and (3.5) we can integrate the pressure field and find
p=po~+ 1ncos0,[E*F(r)]. (3.14)

The components of the hydrodynamic stress can be written as

v,
Urr:_p+2n ar’ 3.15)
10v, 0dvy vy ’
o0 =1 < T +ar‘r>-

This leads to the expression for the normal and tangential hydrodynamic forces as

dfhydro
CrliS = Grl‘erR = —Po —1ncos earrrF(r)|r=R (316)
and
G M0 F ) (3.17)
=0mlr=R = —N—— 0 L'\F)|r=R, .
s 0 1r=R n R R

where we took into account that derivatives in F at orders 0 and 1 cancel at the sphere
surface.

3.2.2. Force from solute interaction

In the force balance, we have also to take into account the force exerted directly
by the solute on the sphere via the interaction potential /. Because of the symmetry
properties of U, this force has only a normal contribution. For a given unit spherical
volume dt =r?sinf de df dr, this osmotic force writes

dfem® = —pf(r) cos 6 x drt (3.18)

and the total osmotic force acting on a unit surface dS=R’sin6 df dg on the sphere

is deduced as
2

REL
dfem = —dS x n / f(r)ﬁ drcosé. (3.19)
R

3.2.3. Total force on the sphere and diffusiophoretic velocity
The total force acting on the fluid is along the z axis (the contribution on the
perpendicular axis vanishes by symmetry) and takes the expression

T 27
F.= / (df? cos 6 — df,"" sin 6 4 df*™" cos 0). (3.20)
0

=0 (p:O

This can be rewritten as
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F. = —8nnB(R+ )
) Rt r R 2r?
= —67R 27R ——— ——]dr. 3.21
TRNUpp + 27 n/R f(r) (R » 3R2) r (3.21)

Requiring that the total force on the sphere vanishes, F, =0, we then obtain

_R/RHJC() x R 2x d (3.22)
PSS TR T TR '

Inserting the detailed expression of f one gets

R R+ , 0) — R 2 2
Vpp = =y (LR 2N, (3.23)
3n Jr cos 6 r

Note that (3.23) is in full agreement with (68) of Sharifi-Mood et al. (2013) and
similar expressions have also been obtained by Teubner (1982).

Limiting expressions for a thin diffuse layer. We now come back to the thin diffuse
layer regime where A <« R, which is the regime of interfacial flows. We need to
prescribe the solute concentration profile c(r, 6) to calculate the diffusiophoretic
velocity in (3.23). In the absence of external potential, the concentration verifies

Ac=0,
c(r— 00) =co+ Vcorcosb, (3.24)
Ve(r=R)=0

and searching for a solution respecting the symmetry of the boundary conditions as
c(r,0) =co+ Voo Rf(r) cos 6, one finds

1 /R\*> r
c(r,0)=cy+RVcypcosO [= | — ) +— (3.25)
2 \r R

Now, in the presence of the external field U/ (r), one may not simply extend the
previous result as the conservation equation (2.3) is harder to solve. First, we
consider the limit of a small diffuse layer, and to simplify we take ¢y = 0. One
obtains ¢(R + x, ) = %RVCOO cos 6 + O(x*/R*). Then, one may solve the simpler
conservation equation in the thin diffuse layer

D
=—0, | —Dd,c — ——c(— . 2
0 » ( .C kBTC( BXZ/I)) (3.26)

With zero flux at the boundary and to match both solutions we find c(R + x, 0) =
%RVCOQ cos 6 exp(=U/kgT) + O(x*/R?), which is simply the concentration profile
corrected by a Boltzmann factor. The same factor was obtained using performing a
more rigorous expansion by Anderson et al. (1982). This allows us to simplify the
diffusiophoretic velocity as

RZV - A Z/{ 2
Vpp 2nc /0 (1 +0(x%)) exp (—”) 0,.(=U) (—;2 +o(x2)> dx (3.27)

B


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2020.137

Downloaded from https://www.cambridge.org/core. NYU School of Medicine, on 15 Mar 2021 at 14:43:52, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2020.137

Surface forces in diffusiophoresis 892 A6-15

yielding, at lowest order, the familiar result (Anderson et al. 1982)
kgT [*
Upp = VCop e / (e — Dxdu. (3.28)
n Jo

Note that one may recover higher-order approximations of the diffusiophoretic velocity
as in Anderson et al. (1982) by performing a more detailed expansion of the solute
profile ¢(r, #) and pushing to a higher order the expansion in x/R= (r — R)/R of the
geometrical factor of (3.23). With a similar reasoning one may also obtain

A
F, = 67nR(vpp — vgip) = 6TNRUpp — 6TRkZTV Cop / (e7PY™ — 1)xdux, (3.29)
0

where vy;, defines the osmotic contribution. Note that, in the previous expressions, the
upper limit A can now safely be put to infinity: 14— oo.

3.2.4. Local force on the diffusiophoretic particle
From (3.16) to (3.19), the total radial and tangential components of the local force
on a surface element dS=R?sinf df dg are

3 R+A " x R x2
and

3 R+/1~ X R )
dfy = dSn <2RUDP —/ Fx) (2R _ 2x> dx> sin 0. (3.31)
R

We can express vpp using (3.22) and this allows us to write the local force in the
compact form

(3.32)

df, = —podS+ 3m,dScos,
dfy = +%ns dSsin6,

where the local force is fully characterized by the pressure term

R+A 5 R r2
T, = n/R f(r) (r — R2> dr. (3.33)

It is interesting to express this pressure in the thin layer approximation

— 3 ! 2 U X 2
T, = —2vaoo/0 (1+0(x*) exp <_kBT> d.(=U) (3§ +o(x )) dv  (3.34)

and we finally obtain the local force as

df, = —podS + 3LkgTVcy cos6dS, (3.35)
dfy = +3LksTV oo sin 6 dS, '
where .
L= / (e U™ _ 1) dx (3.36)
0

is a characteristic length scale of the interaction. We find in particular that AIT =
LikpTV ey, 1s the relevant osmotic pressure, indicating that the relevant extension of
the osmotic drop is the potential range L, and not the radius of the sphere R as one
may naively guess.
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4. Phoresis under electro-chemical gradients: general result and applications

We generalize these calculations to the phoretic motion of a rigid sphere under a
gradient of electro-chemical potential.

4.1. Assumptions and variables

Similarly to the works of O’Brien & White (1978), Prieve et al. (1984) and Prieve &
Roman (1987) (note that, compared to these works we do not include the convective
term in the equation of conservation of the chemical potential, but we have stressed
earlier that this contribution yields only corrections to the first order terms) the main
working assumption we make here is that the perturbation to the electro-chemical
potential p is small, so that we may write

wi(r, 0) = kgT In(p;) + Vi(r, 0) = poi(r) + fi(r, 9),
pi:pi,o(r)—'l_ﬁi(rv 9)7 (41)
Vi = Vo(r) + Vi(r, 6),

where i is the index of the solute species, p; is the concentration of that species, V;
is the general potential acting on the species (typically V;=gq;V, +U where V, is the
electric potential, g; the charge of the species and I/ a neutral interaction potential).
All quantities denoted as y, and y correspond respectively to the equilibrium
quantity and the perturbation under the applied field, with y < y,. In particular as
i =kgT(0:/ po.;) + V., all y variables are of order 1 in the perturbation. Equilibrium
quantities only depend on the radial coordinate r for symmetry reasons.
At equilibrium we have radial chemical equilibrium 9,149, =0 and therefore

Vo
po0.:(r) = co exp (— ,j ;f)) : 4.2)
B

Additionally, Poisson’s equation and the relevant electric boundary conditions allow us
to determine completely p, and V.

In the presence of a small external field, we have the following linearized equation
for the flux of species i

D . D; -~ <
\% i VYV, a— i V‘/, D,V i =0, 43
(kBT'O( 0) + kBTpO’ (VV) + ,0> (4.3)

where D; is the diffusion coefficient of species i. Since VV,o = —kzTVpy/po; We
may simplify the first equation to

~ D; ~ -
v <—DiPiVP0,i/,00,i + T T/OO,i(VVi) + DiV,Oi> =0, 4.4
B
which simplifies to
V(po:Vi)=0. 4.5)

The applied field far from the particle surface is written in terms of a concentration
or electric potential gradient, and f[; &« Vi, the applied gradient of the electro-
chemical potential. Due to the symmetry, one expects all perturbations to write as

f(r, 8) = f(r) cos 0 and the r dependence of the perturbation f; thus obeys the

equation
1o [, o 2
—— i— | — =i i =0. 4.6
25 (r P ) i, (4.6)
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4.2. Flow profile

Going to the flow profile, the projection of the Stokes equation along the unit vectors
e, and ey leads to (following the same steps as in the previous section)

n 2
E = _E 9.(=V:
)”2 Sil’leae[ W] arp ' ptar( Vz):
' 4.7
—n ) 1 dp(—V3)
0, [E = —0gp — g —.
rsin@ [E7Y] r op - p r

From then on, and in order to simplify notations, we drop the sign corresponding to
the sum over all particles. We obtain to first order in the applied field

U

——B[E*Y] = 3,p — po.i(r)d.(=Vo,)
r>sin 6 _
— 0i0,(—= V1) cos @ — pgi(r)d,(—V;) cos 0, (4.8)

-1 1 (=Vi)
——0,[E*Y] = —3p + po,
rsin @ r

sin 6.

Using the equilibrium distribution —,Vy,; = kgT'(9,00.;/p0.;), One gets

n
S W[E* Y] = 0,p — kgTd,p0,(r)
r?sin 6
~ ar:OO,i ~
— pikgT cos 6 — g i(r)9,(=V;) cos 6, (4.9)
£0,i ’

(=V)
r

-
rsin6

1
O [E*W] = ~0p + po. sin 6.
r

Introducing p’ =p — kgTpo; + Vipo,; cos 0, one gets the compact formula

n ;o o~
s 0 E* Y] = 8,p' — [1i(r)d,po,i cos 6,
r?sin @
. | (4.10)
——0,[E°Y] = —dpp.
rsin @ r

Equation (4.10) has the exact same symmetries as (3.4), here with f ) =A/n) )
d,p0.;- The flow profile therefore can be written as in (3.11) and the pressure field is
written similarly as in (3.14)

p=po+ksTpo; — Vipo.icos 8 + 1 cos 03,[E>F(r)]. 4.11)

4.3. Phoretic velocity

To simplify things, we consider first that there is no neutral potential. This contribution
is easily added considering the previous section. To infer the phoretic velocity, we
need to use the fact that the flow is force-less. For that, it is simple to write the total
force acting on a large sphere of fluid say of radius R, >> R+ A along the z axis. The
local hydrodynamic stresses write


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2020.137

Downloaded from https://www.cambridge.org/core. NYU School of Medicine, on 15 Mar 2021 at 14:43:52, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2020.137

892 A6-18 S. Marbach, H. Yoshida and L. Bocquet

dfh}dro _
(Ry) = —po —kgTpy,; + Vipo,icosO

37 A r R 27
+§ﬁ —3Rvp+R ’ f() R 3 3R dr)cosf (4.12)

and
fhydm

(Ry) =0, (4.13)

and we note that f/,»po,i(Rx) = +q+f/,00,+(Rx) + q_f/,oo,_(RX) = 0 since the solution is
uncharged far from the sphere. Also, since the large sphere of radius R, is globally
uncharged, the total force on the z axis on this large sphere is therefore only the
integral of the hydrodynamic stresses. Taking the condition that the flow is force-less
we find a similar formula as in (3.23):

_R/R“N()a r R 27 q @.14)
Up = 377 R Hilr rIOO,l R 31" 3R2 r. .

In (4.14) the potential f;(r) can be straightforwardly extended to account for both
electric and neutral interactions.

4.4. Local force balance

The local force balance on the colloid is the sum of the hydrodynamic stresses and
the electric force as

a4 _

5 2 R+1 R r2
qs ~ Po— kgT po.i + Vipo,icos 6 + n3 /R fr) ( + 22) drcos® — X'9,V,,

dfG_ / f()(R—> drsm@——Eaa e
4.15)

where we used the expression for the phoretic velocity (4.14). Equation (4.15) gives
the expression for the local force balance in full generality. To simplify things further
we assume a thin diffuse layer which allows us to write

R+
/ (qip)r* drd*Q2(=VV,(r)) = —R*Y d*Q2(-VV,(R)), (4.16)
R

where the main approximation here is (—VV,(r)) >~ (—VV,(R)) and the rest is granted
by electroneutrality; d?£2 is the solid angle on the sphere. After a number of easy
steps one finds

df 2 R+ R r2 R+ 2r B
as = P~ ksT pg; + n3 /R f(r (r - R) drcos @ — /R ﬁ,oo,,»V,- drcos @,

dfa R+A r B
= / f(r) < — > drsm9+/ ﬁpo,,-v,-drsine.
r
(4.17)

Finally, one remarks that terms in f; H(r/Rz)poy,-f/,- dr are of order A/R in front of
the others, and therefore may be neglected in the thin layer approximation. Finally,
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one arrives at the usual formulation, with the local force on a sphere surface element
described by (3.32) and the pressure T, associated with the local force

R+ R ’,.2
T :/ (r - Rz) Z i (r)0,po,i dr. (4.18)
R i

4.5. Applications
We now apply these results in various cases.

4.5.1. Application 1: diffusiophoresis with neutral solute

In the case of diffusiophoresis with one neutral solute species, one has (using the
notations above) V; =U(r) and p;, = coe ¥ "/*T 4 5, with p the perturbation under the
external field. The local force thus writes

R+1 R 2 ~
o :/ ( - r) Loy, dr. (4.19)
R r R £0,i

Since p(r) = (c(r, 0) — cp)/cos B, one recovers the previous result in (2.10). One also
recovers easily (2.5) for the diffusiophoretic velocity.

4.5.2. Application 2: electrophoresis of a charged sphere in an electrolyte

We consider the case of electrophoresis: namely a particle with a surface charge
moving in an external applied electric field. Far from the particle the electric field
is constant and reduces to the applied electric field, but it is modified (or screened)
by the electrolyte solution close to the surface. For simplicity, we consider here two
monovalent species (with indices + and — representing the cation and the anion
related quantities, respectively), but the reasoning can be generalized easily. The local
force on the particle is determined as

R+1 R r2
= / <r - Rz) (7t (B, 0+ + A (1)8,p0._) dr. (4.20)
R

One can simplify m, by integrating by parts pp +:

R ford ke R
s = [(r - Rz> /:Lipo.i] —/ 00,0, [(r - RZ> ﬂi(’”)] dr. “4.21)
R R

Rearranging the terms and integrating again by parts, one obtains

R+-A1 R 2r R+A1 R r )
= /R pos <r2 + RQ) i) dr — /R (M 4 Rz) 0, (P28, (1) dr

N R N r 23 3 » R+/l+ R 2 ) R+ )
— + = ro, r - = . .
22 TR | PoklOrlha . . TRy ) Moz .

From (4.6) we find that the integrals cancel each other and m; reduces to


https://www.cambridge.org/core
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jfm.2020.137

Downloaded from https://www.cambridge.org/core. NYU School of Medicine, on 15 Mar 2021 at 14:43:52, subject to the Cambridge Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jfm.2020.137

892 A6-20 S. Marbach, H. Yoshida and L. Bocquet
3R R+ )’
T, = _TPOi(R)ar/L:I:(R)"i_R 3 +T po.+(R+ )0, i1+ (R + )
(BRI Rt bR (4.23)
R+ R M+ Po,+ . .

Note that 9,1+ (R) is actually the radial flux of particles at the boundary, and therefore
is equal to 0. Now we are interested in the far-field expressions. In this electrophoretic
case, one expects that there is no perturbation to the concentration field at distances
beyond R+ A (p =0 and electroneutrahty 1mphes 0o+ = po.—). Therefore, fio(R+ 1)~
:I:(l/kBT)eV/ cosf. In the far field, V is simply V =Ercosf and we have i (R+ 1)~
+(1/kgT)eE (R+ A). As a consequence, the cation (4) and anion (—) terms cancel in
the above expression and one obtains the remarkable result

7, =0. (4.24)

In other words, no local surface force is applied on a particle undergoing
electrophoresis. This is fully consistent with the expectations for the local force
balance of Long et al. (1996). Note that the crucial step here is that the electro-
chemical driving has an opposite sign in the far field for the two counter-ions and
that is at the root of the cancellation of the local force at the surface. It is also
only possible if the electro-chemical potential gradient is of electric nature (and that
there is no concentration gradient). We stress that the result obtained here does not
make any assumption on the thickness of the Debye layer or on the strength of the
interaction between the surface and the electrolyte.

We do not report the electrophoretic velocity expression in further detail as it
would require us to make further assumptions. Instead, we refer the reader to the
well documented works of O’Brien & White (1978), Prieve et al. (1984) and Prieve
& Roman (1987) and to the end of the paragraph below for the diffusiophoretic
velocity in a precise limit.

4.5.3. Application 3: diffusiophoresis of a charged sphere in an electrolyte

We now consider the case of diffusiophoresis in an electrolyte solution. For
simplicity we take an electrolyte solution made of only one species of monovalent
anion and cation and identical diffusion coefficient. We also perform the derivation
in the Debye—Hiickel limit, in order to obtain a tractable approximate result for the
local force.

Concentration profile. We consider first the equilibrium electrolyte profile in the
absence of an external concentration field. The concentration profile obeys the simple
Boltzmann equilibrium

eVy(r) eVy(r)
po.+(r) = (co/2) exp [ ——* and o4 (r) = (co/2) exp | +—— = |, (4.25a,b)
kBT kBT
and the potential V;(r) obeys the Poisson—Boltzmann equation
Vi
AV = sinh [ £20) (4.26)
€ kBT
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where € = ¢y¢, is the permittivity of water. In the Debye—Hiickel limit, one linearizes
the Poisson equation (4.26) to obtain

Vo(r) = —————e®/, (4.27)
€

where ¥ is the surface charge of the sphere and the Debye length is defined as A,° =
€2C()/€kBT.

Chemical potential. The chemical potential is obtained by solving perturbatively (4.5)
as =9+ +. .., where the expansion is in powers of the electrostatic potential
due to the particle, eV, /kzT. The boundary condition at infinity writes

RVcy r
% cosf. (4.28)

fiy(r — 00) = kgT
Co

To lowest order, one has V(c,V ;[+(0) ) =0 and therefore

10 — RV (1 B (4.29)
Ry ="s o R 212 '

using the no-flux boundary condition at the surface of the particle. This is similar to
the result for diffusiophoresis with a neutral solute.
For the next order one needs to solve

v,
VeV =+V (¢ [ & o) Vi), (4.30)
ksT
giving
R/(r R ® 20, Vo(x)
a0 — (L5 x 32900 d
A = -3 <R+2r2>/ SO0 (0 dx
R (/1 X\ edVy(x)
—— 4+ =) =0,V (%) dx, 4.31
32 (2 R3> KT s () dx 43D

where we used the no-flux boundary condition at the particle surface and also the
condition of a bound value for the chemical potential at infinity.

Local force on the surface. The expression for the local force acting on the sphere is
written as

R+1 2
=+ /R (r - Rz) (s (D3, Po.+ + i (1), p0,) dr. (4.32)
Although all the previous steps are possible (as in the electrophoretic case) the final
result will not vanish (as i, (R+ A1) = ii_(R + 1) here) as the driving force is not
of electrical nature. Note that this is valid regardless of the assumptions made on the
Debye layer and the strength of the interactions.

To get further insight into the value of force at the surface, we seek an analytic
expression in a limiting case. Therefore, we expand the term in parenthesis above as
a function of eV,/kzT. At lowest order we get

—€8rV() ~(0)
kT + 12’ (r)co kT

- - ~ (0) eB,Vo EV()
4 (r)0,po+ + A (r)0rpo,— = L (r)co o\ -—

kBT> (4.33)
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and this order vanishes since ¥ = [Lf). Going to the next order we have

€2V08 V() —ed V() €V0 2
—— = 424V d — .
Gery T O o\ \r
(4.34)
These terms may be formally integrated to calculate m,. The expression for m; is
cumbersome and we do not report it here. Simpler forms are, however, obtained in

some asymptotic regimes. In the limit where the Debye length is small compared to
the radius of the sphere Ap << R we get the approximated result

s (D3,00.4 + - (N, 0. = 237 (P)eo

9e2X?Vends)

S I
B

(4.35)

Introducing Du = X /edpcy, a Dukhin number, the expression for m; can be rewritten
as

7, (Ap K R) = 3kgTV oo ApDis’. (4.36)

Gathering all contributions in concentration gives a scaling of w, o« V(1/4/c).
This non-trivial dependence on the concentration differs from the scaling of the
diffusiophoretic velocity, which scales as the gradient of the logarithm of the
concentration for diffusiophoresis with electrolytes.

Diffusiophoretic velocity. Using (4.34) and (4.14) one can formally integrate over the
interaction range to find an analytic expression for the phoretic velocity. Instead of
reporting the full (rather lengthy) expressions, for consistency, in the familiar limits
of a thin Debye layer Ap < R and small zeta potential e¢ /kgT < 1 (where ¢ =V(R) >~
ApX/€) we may expand this expression to find at leading order

=—Vincy, (4.37)

Uppe= 7

which is the same expression, for example, as in Prieve et al. (1984) (equation (3.29)
of their work with a factor 47 between our definition and their definition of ¢, and a
factor 2 in the definition of the far-field concentration).

Note in the case of electrolyte species with non-equal diffusivities. In the case of two
ions with imbalanced diffusivities, the leading-order perturbation will be a perturbation
in the potential yielding an effective electric field. As this perturbation goes into the
equations like an electric field it will have no effect on the local force balance on the
surface.

5. Diffusiophoresis of a porous sphere

We consider now the case of diffusiophoresis of a porous sphere. This could also be
considered as a minimal model for an entangled polymer. We will consider the case
where the solute is neutral in order to simplify calculations. The calculations could,
however, be generalized to charged systems.
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5.1. Flow profile

Outside the sphere, for r > R, the flow profile is described by the Stokes equation,
projected on the radial and tangential directions, see (3.1). Inside the sphere, for r <
R, the Stokes equation now contains a supplementary Darcy term associated with the
permeability of the sphere. Projecting along e, and ey gives

20, VpcosO 2 duy n
Ar—i_z - - - ——rzar —_ ,9 3,.—U,
1 ( v r? r2sin®  r* 90 > KU p =l 6)8,(=t)

A Vg +28v, n 1a
Vg — ——— + — — Lvy = —0yp,
7 T 2sin’e | 2 96 K ' oP

(5.1

where « is the permeability of the porous material, in units of a length squared.
For the porous sphere, the boundary conditions at the sphere surface impose the
continuity of the flow and stress. At infinity, the velocity should reduce to —vpp e,
in the reference frame of the particle. Using indices 1 for inside the sphere and 2
for outside, this gives

vy, (r— 00,0)=—vpp,cos and v,o(r— 00,0)=uvpp,sind,
Vi, (r=R,0)=v,,(r=R,0) and v g(r=R,0)=v26(r=R,0), (5.2)
01’,,(r=R, 6) = GZ,rr(rzR, 9) and Ul,re("=R, 6) = Uz,re(”:R, 0)

We use a similar method as in § 3, defining a potential field ¢ = F(r) sin’ 6@ in each
domain and operator E such that

- 1o, 5
E'F\(r) KE Fi(r)=f(r),

(5.3)
E*Fy(r) =f(r).
Outside the sphere, the general solution of this equation is
A 1 rz 4 rz 2
Fz(}") = 72 +Bzr+r2C2 —|—D2r4 _— = / f(X)x dx+r/ f(X)x dx
r r Jr 30 R 6
- / TOX gyt [ 19 g (5.4)
R O r 30x
Inside the sphere, we introduce the following adjunct functions
inh(k,
oy () = cosh(k,r) — smk&
7
i cosh(k,r) (5-5)
op(r) = sinh(k,r) — Y,
o

where k, = 1/./k is the screening factor for the Darcy flow (inverse of a length). The
solution inside the sphere thus writes
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A 1 (/7.
Fi(r) = rl+r2C1+Blaa(r)+D1ab(r)+3r/f(x)x2dx
R

o a,(r) [ ~ a(r) [" ~
— = / Foxdx — ) / ap (OF () dx + b(r) / a.(Of () dx.  (5.6)
3 Jr kK Jr kK Jr
The integration constants Aj,, ... D, are determined by the boundary conditions

above. Also, the flow must be finite when r — oo, as well as when r — 0. Note that
the integrals do not diverge since f is defined on a compact interval. Therefore, we
obtain (for finite flow at infinity)

R+2 f‘(x)
D, =— —d 5.7
= [ L 5.7)
and we also have (for finite flow at small distances)
1 [ 1 [k ~
Al = 5 / f(x)x2 dx and D1 = kj ag(x)f(x) dx. (58a,b)
0 « Jo

The boundary condition at infinity yields

R S(x)x dx — UppP,p

C, =
S 2

(5.9

The boundary conditions at the sphere surface impose continuity of vy(R), v,(R) and
o, and o,. The continuity of the velocities leads to the continuity of F' and F’ so
that F;(R) = F>(R) and F|(R) = F,(R). The continuity of o,y leads to the continuity
of F”, and the continuity of o,, to the continuity of the pressure. Some straightforward
calculations allow us to show that the pressure takes the form

- 1
P1=po+ncosbo, (E2F1 —F1> (5.10)
K
such that the continuity of pressure amounts to
i 2 ! r’ / /1 2 4
F'"(R) — ﬁF1(R) — ;FI(R) =F)'(R) — ﬁFz(R) (5.11)
and because we already have F|(R) = F’,(R), we are left with
/" ] ! /1
F{(R) = _F\(R) = F}(R). (5.12)

Altogether, the boundary conditions are equivalent to the system of equations

Fi(R) =F(R),
F(R) =F;(R),
FI(R) = FL(R). (5.13)

/1 l / /1
F/(R) = —F|(R) =F}'(R).
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With four equations and four left-undetermined integration constants, this system
allows us to completely calculate all remaining unknowns and determine the flow
field. We do not report here the full expressions for all constants, except for B,
which is the prefactor of the Stokeslet term

5 — s (3R R /R“ 3x 6 R R 2coshkR)R Feod
=%\ a2k \ R kRX x )T

4 X o,(R)
1 R a,(x)  x?
—-3— 2 — |d , 5.14
o ), 70 (2 ) o) -9
where §, is a dimensionless function characterizing the effect of porosity
5 — cosh(k.R) L 3 ! (5.15)
T a® 2(kR)?) '

where the function «, is defined in (5.5). Note that §, — 1 in the limit where the
sphere is perfectly impermeable k¥ — 0, allowing us to recover the proper expression
of B as obtained for the plain sphere in § 3.

5.2. Global force balance and diffusiophoretic velocity

We define, in a similar way as in § 3, B(r)=B, + é f Rr f (r)r* dr and one may deduce
the force from the asymptotic value for B(r — oo)

5 41t R+
F,=—8mnB(R+ 1) = —8mnB, — 30 / f(rridr. (5.16)
R

Interestingly, the viscous contribution to the force writes Fjy,, = —678, nR vpp, With
8, defined in (5.15). This indicates that §, tunes the effective friction on the porous
sphere. For any sphere permeability, we have 6, < 1, and the effective friction is
accordingly decreased (therefore increasing in fine the diffusiophoretic velocity). This
effect is rather intuitive and is in agreement with the classical sedimentation of a
porous sphere, where Stokes’ friction is decreased as compared to the plain colloid
case (Joseph & Tao 1964; Sutherland & Tan 1970). We will discuss further these
results in the following subsections.
The motion is force free F; =0 and one obtains the expression for vpp ,:

R/R“ r R 1 7 2Rf()d
1) = — _— — — - r r
PP 3k \R r KRRPR2 KRr

2R cosh(k,R) [ /R 1\ -
9 w® (fm)f(”dr

T /Rf‘(r) <2a"(r) +r2> dr (5.17)
3R2K2 J, @R  R*) '

This equation can be rewritten in a compact form vpp, = (R/3n) fooo((c(r, 0) —co)/
c0s 0)0,(—U)D (r) dr where the function @ (r) takes the form
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¢(r):]1(r>R)(r_R_lr2_ 2 5 2COSh(k’(R)<R_r2>>
R r KRR ERr 3 aR) r R?
<R (2 %lr) | rz) . (5.18)
R \"a,R) R

Taking the impermeable limit k — 0 (and thus k. — oco) allows us to recover the
result of the non-porous sphere of §3

Rty 272 r R\ -
UDP,[,(K =O)=RA (_9R2+3R — 9r>f(r) drEva. (519)

We can also expand for small permeabilities to get

2R 1 [MY/R P -
vDP,p(K_)O)ZUDP'FEkKR - ;—ﬁ f(r)dr (520)

Working out the variations of the two terms, one finds that the two geometrical
contributions (R/r — r*/R?>) and (—2r*/9R*> + r/3R — R/9r) are of the same
sign (negative) for r > R. This means that the sphere porosity is increasing the
diffusiophoretic mobility. This effect is consistent with the reduction of friction and
leads to a higher phoretic velocity. In the case of electrophoresis of porous particles
and in the regime of a thin Debye—Hiickel layer, a variety of behaviours are predicted
and the effect of porosity is often entangled with other effects (Hermans 1955;
Ohshima 1994; Huang, Hsu & Lee 2012). The result is simpler for diffusiophoresis.

It is also interesting to explore the regime of a highly permeable sphere (k — oo
or k., — 0). In this case we find

R R+A 2 R 2
Upp,p(k — 00) = W <—/R ﬁf(r) dr—i—/0 ﬁf(r) dr> . (5.21)

The term in brackets can change sign depending on the conditions and parameters and
the velocity may accordingly reverse.

5.3. Local surface force on the particle

We now compute the local force on the particle. The radial and tangential components
have the following expressions in the present geometry:

dr / i) - drcosd
= 0, — r)— drcos
ds R R?
Fa(r) P
= —Po—1 CosearrrFZ(r)|r:R - 677 COS Qar 5 - T)f(r)f drcos 6
r r=R R R2
(5.22)
and
dfp ) SineF(R)—i—Z sinGaF() sin@8 F.0) (5.23)
— =0, =— r r — [— r .
as ~ T TR T D) T TR o
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The local forces hence write exactly as in (2.9), with the characteristic surface force

T, as
6 R a,(r) 7
e k2R2/0 7o) <aa(R) _R2> ar

K

32 ) _pcoshkR)T R PN S 5.24
+|: (kl%RZ—’_ >— O(a(R):|/R <r—R2>f(l") r. (5.24)

When the sphere is perfectly impermeable we easily recover the expression of §3

Ry /R PN -
i, (k =0) =/ ( - 2) f(rdr (5.25)
R r R

and going to the next order leads to

m,(k > 0) = 7,(k =0) (1 - kKZR) . (5.26)

Porosity decreases friction and hence also the local force.

5.4. Results in the thin diffuse layer limit
In the thin diffuse layer limit, one may further approximate the previous results.

Concentration profile. The concentration profile in the absence of the external potential
verifies the Laplace equation together with boundary conditions

Ac; =0, for r<R,
Ac, =0, for r>R,

Ccr(r— 00) =cy+ Vegrcosh, (5.27)
cir=R)=c(r=R),

D,Vce(r=R)=D,Vc(r=R),

where the last equation represents conservation of flux at the porous interface; the
indices 1 and 2 denote the solution inside and outside the sphere respectively. This
set of equations is easily solved with the general form c; (7, 8) = co+ VcoRf (r) cos 6
(taking into account the fact the concentration profile should not diverge at the origin).

Now, in the presence of an external potential, one may heuristically approximate the
concentration field by adding the Boltzmann weights (as in § 3. This approximation
is valid in the thin layer limit 4 < R only)

; D, — D, R?
c(r, 0) 2~ ¢y + RV coge U0k = -y L cos@, for r>R,
D, +2D, 2 'R (5.8)
. 3D '
c(r, 0) = ¢y + RV coge U O/ksT [D—FEDI}J cos 6, for r <R.
1 2

For a thin layer 4 < R, the concentration ¢ outside the sphere may be approximated
as

U(r) JkgT X X
RV e 0BT D, + Dy + (D = Di) 45 | cos 6.

(5.29)

3

c(R+x,0)=c)+ ———
( )=t b, 20y
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Diffusiophoretic velocity and local force. Performing expansions in k, — oo allows us
to find

2D, 2D, 1 2 D, kgT
Vppplk = 0) = ———— 1 7RL Veoo—, (5.30)
where we recall that
UDP_VCOO— / (e UW/kT _ yxdx (5.31)

and L, = f(;l(e‘“(x)/"BT — 1) dx.
The characteristic local force per unit surface can also be simply expressed as

2
_— 1= —, 5.32
D2+D1/2 < kKR> 632

1i,(k — 0) = 7,(k =0)
where we recall that m,(k = 0) = %LskBT Vco. We find that, in any case, the local
surface force is decreased as compared to the completely impermeable case. Note that,
in the limit where the solute diffuses extremely slowly in the porous sphere, D; — 0,
it can be seen as impermeable to the solute and we recover (5.26).

6. Summary and discussion

Our calculations allow us to obtain an in-depth understanding of the local and global
force balance obeyed by particles undergoing diffusiophoresis. While we considered in
this paper the general situation of phoretic transport with neutral or charged solutes,
we focus in this discussion on the results for diffusiophoresis.

First, we showed that, at the global scale, the force balance for a particle moving
under solute concentration gradients writes in a rather transparent form as

F = 6mRyvpp — 27R* / N co(r)(—=3,U)(r) x ¢(r)dr=0, 6.1)

R

with ¢(r) =r/R — R/3r — %(r/R)2 a dimensionless function, and where the function
co(r) is proportional to the driving force, i.e. the solute concentration gradient far
from the colloid: ¢y(r) x RVcs. Equation (6.1) is the sum of the classic Stokes
friction force on the sphere and a balancing force of osmotic origin, taking its root
in the differential interaction U of the particle with the solute. In the limiting case of
a thin diffuse layer, the osmotic term simplifies to 6TRkzT Vs [, (67749 — 1)zdz
and the global force balance allows us to recover the known expression for the
diffusiophoretic velocity vpp = Veo (kgT/n) [, (7P — 1)zdz (Anderson & Prieve
1991). However, the force balance in (6.1) shows that one cannot simply predict
the particle velocity by writing a balance between the viscous term 6mRnvpp and a
global osmotic force which would scale as F,g, ~ R*> x RVII, with IT = kzTc,, the
osmotic pressure. As discussed in the introduction, this estimate leads to a wrong
prediction for the diffusiophoretic velocity, by a huge factor of order (R/A)?, where
A is the size of the diffuse layer. This factor originates in the fact that the osmotic
push takes its origin in the thin diffuse layer, and not at the scale R of the particle.
One has to account for the system dynamics at the scale of the diffuse layer in order
to get a proper description of the osmotic transport. Discussions based on the naive
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force balance have led to considerable debates and misinterpretations of osmotically
driven transport of particles (Cérdova-Figueroa & Brady 2008, 20094,b; Fischer &
Dhar 2009; Jiilicher & Prost 2009; Brady 2011; Moran & Posner 2017). Our results
fully resolve these concerns.

Beyond the global force balance, a second outcome of our analysis concerns the
local force balance. We have shown that particles undergoing phoretic transport
experience a local force on their surfaces which takes the generic form

df = (—po+ 37, cos6) dSe, + (37, sin6) dSey, (6.2)

where the local force is fully characterized by the force per unit area m, (p is the
bulk hydrostatic pressure and e, and e, are unit vectors in the spherical coordinate
system).

In the case of electrophoresis (with a thin diffuse layer), we have shown that
vanishes identically: my=0. This simple and remarkable result is the consequence of
the local electroneutrality which occurs for the {particle + diffuse layer}, so that the
viscous and electric stresses balance each other locally. This result is in agreement
with the seminal work of Long et al. (1996).

In the case of diffusiophoresis, however, the local force does not vanish. For a
neutral solute and a thin diffuse layer, one gets the simple and transparent result

7, > SkpTLV co, (6.3)
where L, = ["(e7#® — 1)dx is a length quantifying the excess adsorption of the
solute on the sphere surface. This local force can be interpreted in simple terms.
The osmotic force on the particle is actually expected to scale as dV;, x VII =
dV,,,V (kgTcs,) where dV,, is the interaction volume. In terms of the length L,
which is the typical interaction length scale, one has dV;,, ~ L;dS and we recover the
result of (6.3). Alternatively, one may realize that 7, is of the order of the viscous
surface stress and scales as 73 ~ vppn/A. We emphasize, however, this apparent
simple reasoning is somewhat misleading and conceals the fact that a global force
balance occurs at the scale of the particle leading to a zero force once integrated on
the particle surface.

We have extended this result for the local force to a system of charged electrolytes,
which in the limit of a thin Debye layer reduces to

9 Du?
T, o
4

kpTApV Coo, (6.4)

where Ap is the Debye length and Du can be interpreted as a Dukhin number, here
defined as Du= X /edpcy, where X' is the surface charge of the particle. This shows
interestingly that the local osmotic push on the particle surface is a rather subtle
combination of osmotic pressure and direct electric forces on the particle surface.
Another remark is that the local force, m,, scales nonlinearly with the electrolyte
concentration, as 7, < V(1/4/c), and may induce a rather complex surface stress field
on the particle surface.

Last but not least, the surface stresses in (6.2) generate an inhomogeneous
local tension at the surface of the particle undergoing diffusiophoresis. We plot
in figure 4(a) the corresponding force map. According to the regions the force field
may be outwards or inwards. This can appear surprising at first because the interaction
between the sphere and the solute is attractive and therefore the natural force from
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(a) (b)
Ve ——m———)

Increasing deformation

Absorbing

sphere

FIGURE 4. Local force acting on a diffusiophoretic sphere. (a) Local force field defined
in (2.9) acting on a sphere during diffusiophoresis with absorption at its surface in a
solute gradient. The local force is plotted with an arbitrary amplitude factor (the same
for each vector) but it does not include the radial pressure py. Note that, although the
sphere is absorbing, the overall interaction with the fluid is not necessarily attractive at
every point of the surface since the stress field can contain depressions. Note that, here,
compared to (2.9), the force is integrated over the azimuthal angle so that summing by
eye the vectors along the circle — so integrating over 8 — yields a vanishing total force,
as expected. (b) Resulting axisymmetric deformation of the sphere, when the deformation
is assumed to be proportional to the local force, with an increasing amplitude from left
to right. The dotted lines indicate the initial shape of the particle.

the fluid on the particle is outwards. However, the overall local force also includes
the stresses from the fluid that contain, for example, local depressions and therefore
the local force can point inwards. Accordingly, if one assumes that the particle may
deform under a surface stress, this osmotic force field will induce a deformation of
the particle. In figure 4(b), we sketch the deformation of a particle whose surface
deforms elastically under a surface stress. We emphasize that this result is specific
to diffusiophoresis and in strong contrast to the case of electrophoresis, where the
particle does not deform under the external field because of the local electroneutrality,
as discussed above (Long et al. 1996).

Let us estimate orders of magnitude for the deformation of a particle undergoing
diffusiophoresis. We consider for simplicity a cell with radius R and bending
modulus K: as a rule of thumb, the overall maximum deformation AR of the cell is
expected to scale as k AR/R?> ~ m,R*. Now one has typically the scaling m; ~ vppn/A
in the thin diffuse layer limit. Therefore, one expects AR/R >~ vppnR®/(KA). Using
typical values for the diffusiophoretic velocity vpp ~0.1 pm s~ (Palacci et al. 2010),
bending modulus K ~ 25kzT (Nagle 2013), fluid viscosity n~ 10~ Pa s and diffuse
layer thickness, 4/R~0.001 and R~ 1 pm, then one predicts AR/R~ 1. Deformation
of droplets or of other objects may be studied further using e.g. the formalism for
electrohydrodynamic deformations in Mandal, Bandopadhyay & Chakraborty (2016).
Note that surface tension contributions are not expected to matter in these soft
systems (Yang, Shin & Stone 2018). Large deformations are thus expected for
the diffusiophoresis of droplets. We are not aware of an experimental study of
this effect for deformable particle undergoing diffusiophoresis. However, we note
that in the context of thermo-phoresis, DNA molecules were reported to stretch
under a temperature gradient (Jiang & Sano 2007). Although we did not explore
thermophoretic transport in the present study, one may expect that similar surface
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stresses build up in this case. In a different context, a self-phoretic spherical cell with
asymmetric water pumps was predicted to substantially deform in a rather similar
way (Yao & Mori 2017). Finally, although these stresses may not be sufficient to
deform droplets, they may still induce recirculating flows inside the droplet (Yang
et al. 2018).

An interesting consequence of this deformation is that these effects may allow
us to separate deformable particles undergoing diffusiophoresis, for example if
the deformation depends on the particle size. This would suggest the exploration
of diffusiophoresis under solute gradients as an alternative (or complement) to
separation techniques involving capillary electrophoresis, hence developing a capillary
diffusiophoresis technique.
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